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Abstract
We demonstrate the relevance of entanglement, Bell inequalities and de-
coherence in particle physics. In particular, we study in detail the features
of the “strange” K0K¯0 system as an example of entangled meson–antimeson
systems. The analogies and differences to entangled spin– 12 or photon systems
are worked out, the effects of a unitary time evolution of the meson system
is demonstrated explicitly. After an introduction we present several types of
Bell inequalities and show a remarkable connection to CP violation. We in-
vestigate the stability of entangled quantum systems pursuing the question
of how possible decoherence might arise due to the interaction of the system
with its “environment”. The decoherence is strikingly connected to the en-
tanglement loss of common entanglement measures. Finally, some outlook of
the field is presented.
1 Introduction
In 1935, in his famous trilogy on “The present situation of quantum mechan-
ics”, Erwin Schro¨dinger [1] already realized the peculiar features of what
he called entangled states —“. . . verschra¨nkte Zusta¨nde. . . ” was actually his
German phrasing— in connection with quantum systems extended over phys-
ically distant parts. In the same year Einstein, Podolsky and Rosen (EPR)
[2] constructed a gedanken experiment for a quantum system of two distant
particles to demonstrate: Quantum mechanics is incomplete! Niels Bohr [3]
replied immediately to the EPR article. His message was: Quantum mechan-
ics is complete!
Also in 1935,W.H. Furry [4] emphasized, inspired by EPR and Schro¨dinger,
the differences between the predictions of quantum mechanics (QM) of non-
factorizable systems and models with spontaneous factorization.
However, the EPR–Bohr debate was regarded as rather philosophical and
thus not very valuable for physicists for about 30 years until John Stewart
⋆Lectures given at Quantum Coherence in Matter: from Quarks to Solids , 42.
Internationale Universita¨tswochen fu¨r Theoretische Physik, Schladming, Austria,
Feb. 28 – March 6, 2004, Lecture Notes in Physics, Springer Verlag 2005.
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Bell [5] brought this issue up again in his seminal work of 1964 “On the
Einstein–Podolsky–Rosen Paradox”, which caused a dramatic change in the
view about this subject. Bell discovered what has since become known as
Bell’s Theorem:
• No local hidden variable theory can reproduce all possible results of QM !
It is achieved by establishing an inequality satisfied by the expectation
values of all local realistic theories (LRT) but violated by the predictions
of QM. Inequalities of this type are nowadays named quite generally Bell
inequalities (BI).
It is the nonlocality arising from quantum entanglement —the “spooky
action at distance” as we concluded in the 1980s [6]— which is the basic
feature of quantum physics and is so contrary to our intuition.
Many beautiful experiments have been carried out over the years (see
e.g. Refs. [7, 8, 9, 10]) by using the entanglement of the polarization of two
photons; all (also the long–distance [11] or out-door experiments [12]) confirm
impressively: Nature contains a spooky action at distance!
The nonlocality does not conflict with Einstein’s relativity, so it cannot
be used for superluminal communication, nevertheless, Bell’s work [5, 13] ini-
tiated new physics, like quantum cryptography [14, 15, 16, 11] and quantum
teleportation [17, 18], and it triggered a new technology: quantum informa-
tion and quantum communication [19, 20]. More about “from Bell to quantum
information” can be found in the book [21].
1.1 Particle physics
Of course, it is of great interest to investigate the EPR–Bell correlations of
measurements also for massive systems in particle physics. Here we want
to work out the analogies and differences to the spin– 12 or photon systems.
Already in 1960, Lee and Yang [22] and several other authors [23, 24, 25]
emphasized the EPR-like features of the “strange” K0K¯0 system in a JPC =
1−− state, where the quantum number strangeness S = +,− plays the role
of spin ⇑ or ⇓. Indeed many authors [26, 27, 28, 29, 30, 31, 32, 33] suggested
to investigate the K0K¯0 pairs which are produced at the Φ resonance, for
instance in the e+e−–machine DAΦNE at Frascati. The nonseparability of the
neutral kaon system —created in pp¯–collisions— has been already analyzed
by the authors of Refs. [34, 35, 36].
Similar systems are the entangled beauty mesons, B0B¯0 pairs, produced
at the Υ (4S) resonance (see e.g., Refs. [37, 38, 39, 40, 41, 42]), which we touch
only little in this Article.
Specific realistic theories have been constructed [43, 44, 45, 46], which
describe the K0K¯0 pairs, as tests versus quantum mechanics. However, a
general test of LRT versus QM relies on Bell inequalities, where —as we shall
see— the different kaon detection times or the freely chosen kaon “quasi–spin”
play the role of the different angles in the photon or spin– 12 case. Furthermore,
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an interesting feature of kaons (and also of B–mesons) is CP violation (charge
conjugation and parity) and indeed it turns out that BI imply bounds on the
physical CP violation parameters.
The important difference of the kaon systems as compared to photons is
their decay. We emphasize the necessity of including also the decay product
states into the BI in order to have a unitary time evolution [47].
A main part of the article is also devoted to the investigation of the
stability of the entangled quantum system. How possible decoherence might
arise from the interaction of the system with its “environment”, whatever this
may be, and we will determine the strength of such effects. We study how
decoherence is related to the loss of entanglement, and pursue the question:
how to detect and quantify entanglement [48].
Of course, we cannot cover all subjects of the field. In Section 10 we men-
tion interesting works we could not describe here and give an outlook to what
we can expect in the near future.
Thus the contents of our article will be briefly the following:
• QM of K–mesons
• Introduction to BI
• BI for K-mesons, in time and “quasi–spin”
• Decoherence in entangled K0K¯0 system
• Entanglement measures, entanglement loss and decoherence
2 QM of K–mesons
Neutral K–mesons are wonderful quantum systems! Four phenomena illus-
trate their “strange” behavior that is associated with the work of Abraham
Pais [49, 50]:
i) strangeness
ii) strangeness oscillation
iii) regeneration
iv) CP violation.
Let us start with a discussion of the properties of the neutral kaons, which
we need in the following.
2.1 Strangeness
K-mesons are characterized by their strangeness quantum number S
S|K0〉 = +|K0〉 ,
S|K¯0〉 = −|K¯0〉 . (1)
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As the K-mesons are pseudoscalars their parity P is minus and charge con-
jugation C transforms particle K0 and anti–particle K¯0 into each other so
that we have for the combined transformation CP (in our choice of phases)
CP |K0〉 = −|K¯0〉 ,
CP |K¯0〉 = −|K0〉 . (2)
It follows that the orthogonal linear combinations
|K01 〉 =
1√
2
{|K0〉 − |K¯0〉} ,
|K02 〉 =
1√
2
{|K0〉+ |K¯0〉} (3)
are eigenstates of CP , a quantum number conserved in strong interactions
CP |K01 〉 = +|K01 〉 ,
CP |K02 〉 = −|K02 〉 . (4)
2.2 CP violation
Due to weak interactions, that do not conserve strangeness and are in addition
CP violating, the kaons decay and the physical states, which differ slightly
in mass, ∆m = mL −mS = 3.49× 10−6 eV, but immensely in their lifetimes
and decay modes, are the short– and long–lived states
|KS〉 = 1
N
{
p|K0〉 − q|K¯0〉} ,
|KL〉 = 1
N
{
p|K0〉+ q|K¯0〉} . (5)
The weights p = 1+ ε, q = 1− ε, with N2 = |p|2 + |q|2 contain the complex
CP violating parameter ε with |ε| ≈ 10−3. CPT invariance is assumed; thus
the short– and long–lived states contain the same CP violating parameter
εS = εL = ε. Then the CPT Theorem [51, 52, 53] implies that time reversal
T is violated too.
The short–lived K–meson decays dominantly intoKS −→ 2pi with a width
or lifetime Γ−1S ∼ τS = 0.89 × 10−10 s and the long–lived K–meson decays
dominantly into KL −→ 3pi with Γ−1L ∼ τL = 5.17 × 10−8 s. However, due
to CP violation we observe a small amount KL −→ 2pi. To appreciate the
importance of CP violation let us remind that the enormous disproportion
of matter and antimatter in our universe is regarded as a consequence of CP
violation that occurred immediately after the Big Bang.
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2.3 Strangeness oscillation
KS ,KL are eigenstates of the non–Hermitian “effective mass” Hamiltonian
H = M − i
2
Γ (6)
satisfying
H |KS,L〉 = λS,L |KS,L〉 (7)
with
λS,L = mS,L − i
2
ΓS,L . (8)
Both mesons K0 and K¯0 have transitions to common states (due to CP
violation) therefore they mix, that means they oscillate between K0 and K¯0
before decaying. Since the decaying states evolve —according to the Wigner–
Weisskopf approximation— exponentially in time
|KS,L(t)〉 = e−iλS,Lt|KS,L〉 , (9)
the subsequent time evolution for K0 and K¯0 is given by
|K0(t)〉 = g+(t)|K0〉+ q
p
g−(t)|K¯0〉 ,
|K¯0(t)〉 = p
q
g−(t)|K0〉+ g+(t)|K¯0〉 (10)
with
g±(t) =
1
2
[±e−iλSt + e−iλLt] . (11)
Supposing that a K0 beam is produced at t = 0, e.g. by strong interactions,
then the probability for finding a K0 or K¯0 in the beam is calculated to be
∣∣〈K0|K0(t)〉∣∣2 = 1
4
{
e−ΓSt + e−ΓLt + 2 e−Γt cos(∆mt)
}
,
∣∣〈K¯0|K0(t)〉∣∣2 = 1
4
|q|2
|p|2
{
e−ΓSt + e−ΓLt − 2 e−Γt cos(∆mt)} , (12)
with ∆m = mL −mS and Γ = 12 (ΓL + ΓS) .
TheK0 beam oscillates with frequency∆m/2pi, where∆mτS = 0.47. The
oscillation is clearly visible at times of the order of a few τS , before all KS
have died out leaving only the KL in the beam. So in a beam which contains
only K0 mesons at the time t = 0 the K¯0 will occur far from the production
source through its presence in the KL meson with equal probability as the
K0 meson. A similar feature occurs when starting with a K¯
0 beam.
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2.4 Regeneration of KS
In a K–meson beam, after a few centimeters, only the long–lived kaon state
survives. But suppose we place a thin slab of matter into the KL beam then
the short–lived state KS is regenerated because the K
0 and K¯0 components
of the beam are scattered/absorbed differently in the matter.
3 Analogies and quasi–spin
A good optical analogy to the phenomenon of strangeness oscillation is the
following situation. Let us take a crystal that absorbs the different polariza-
tion states of a photon differently, say H (horizontal) polarized light strongly
but V (vertical) polarized light only weakly. Then if we shine R (right circu-
lar) polarized light through the crystal, after some distance there is a large
probability for finding L (left circular) polarized light.
In comparison with spin– 12 particles, or with photons having the polariza-
tion directions V and H, it is especially useful to work with the “quasi–spin”
picture for kaons [47], originally introduced by Lee and Wu [54] and Lipkin
[25]. The two states |K0〉 and |K¯0〉 are regarded as the quasi-spin states up
|⇑〉 and down |⇓〉 and the operators acting in this quasi–spin space are ex-
pressed by Pauli matrices. So the strangeness operator S can be identified
with the Pauli matrix σ3, the CP operator with (−σ1) and CP violation is
proportional to σ2. In fact, the Hamiltonian (6) can be written as
H = a · 1+ b · σ , (13)
with
b1 = b cosα, b2 = b sinα, b3 = 0 ,
a =
1
2
(λL + λS), b =
1
2
(λL − λS) (14)
(b3 = 0 due to CPT invariance), and the phase α is related to the CP
parameter ε by
eiα =
1− ε
1 + ε
. (15)
Summarizing, we have the following K–meson — spin– 12 — photon analogy:
K-meson spin- 12 photon
|K0〉 |⇑〉z |V 〉
|K¯0〉 |⇓〉z |H〉
|KS〉 |⇒〉y |L〉 = 1√2 (|V 〉 − i|H〉)
|KL〉 |⇐〉y |R〉 = 1√2 (|V 〉+ i|H〉)
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Entangled states: Quite generally, we call a state entangled if it is not
separable, i.e. not a convex combination of product states.
Now, what we are actually interested in are entangled states of K0K¯0
pairs, in analogy to the entangled spin up and down pairs, or photon pairs.
Such states are produced by e+e−–machines through the reaction e+e− →
Φ → K0K¯0, in particular at DAΦNE, Frascati, or they are produced in pp¯–
collisions, like, e.g., at LEAR, CERN. There, a K0K¯0 pair is created in a
JPC = 1−− quantum state and thus antisymmetric under C and P , and is
described at the time t = 0 by the entangled state
|ψ(t = 0)〉 = 1√
2
{|K0〉l ⊗|K¯0〉r − |K¯0〉l ⊗ |K0〉r} , (16)
which can be rewritten in the KSKL-basis
|ψ(t = 0)〉 = NSL√
2
{|KS〉l ⊗|KL〉r − |KL〉l ⊗ |KS〉r} , (17)
with NSL =
N2
2pq . The neutral kaons fly apart and will be detected on the
left (l) and right (r) side of the source. Of course, during their propagation
the K0K¯0 oscillate and the KS,KL states will decay. This is an important
difference to the case of spin– 12 particles or photons which are quite stable.
4 Time evolution — unitarity
Now let us discuss more closely the time evolution of the kaon states [55].
At any instant t the state |K0(t)〉 decays to a specific final state |f〉 with
a probability proportional to the absolute square of the transition matrix
element. Because of the unitarity of the time evolution the norm of the total
state must be conserved. This means that the decrease in the norm of the
state |K0(t)〉 must be compensated for by the increase in the norm of the
final states.
So starting at t = 0 with a K0 meson, the state we have to consider for a
complete t-evolution is given by
|K0〉 −→ a(t)|K0〉+ b(t)|K¯0〉+
∑
f
cf(t)|f〉 , (18)
a(t) = g+(t) and b(t) =
q
p
g−(t) . (19)
The functions g±(t) are defined in Eq.(11). Denoting the amplitudes of the
decays of the K0, K¯0 to a specific final state f by
A(K0 −→ f) ≡ Af and A(K¯0 −→ f) ≡ A¯f , (20)
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we have
d
dt
|cf (t)|2 = |a(t)Af + b(t)A¯f |2 , (21)
and for the probability of the decay K0 → f at a certain time τ
PK0−→f (τ) =
∫ τ
0
d
dt
|cf (t)|2dt . (22)
Since the state |K0(t)〉 evolves according to a Schro¨dinger equation with
“effective mass” Hamiltonian (6) the decay amplitudes are related to the Γ
matrix by
Γ11 =
∑
f
|Af |2, Γ22 =
∑
f
|A¯f |2, Γ12 =
∑
f
A∗f A¯f . (23)
These are the Bell-Steinberger unitarity relations [55]; they are a consequence
of probability conservation, and play an important role.
For our purpose the following formalism generalized to arbitrary quasi–
spin states is quite convenient [47, 56]. We describe a complete evolution of
mass eigenstates by a unitary operator U(t, 0) whose effect can be written as
U(t, 0) |KS,L〉 = e−iλS,Lt |KS,L〉+ |ΩS,L(t)〉 , (24)
where |ΩS,L(t)〉 denotes the state of all decay products. For the transition
amplitudes of the decay product states we then have
〈ΩS(t)|ΩS(t)〉 = 1− e−ΓSt , (25)
〈ΩL(t)|ΩL(t)〉 = 1− e−ΓLt , (26)
〈ΩL(t)|ΩS(t)〉 = 〈KL|KS〉(1 − ei∆mte−Γt) , (27)
〈KS,L|ΩS(t)〉 = 〈KS,L|ΩL(t)〉 = 0 . (28)
Mass eigenstates (5) are normalized but due to CP violation not orthogonal
〈KL|KS〉 = 2Re{ε}
1 + |ε|2 =: δ . (29)
Now we consider entangled states of kaon pairs, and we start at time t = 0
from the entangled state given in the KSKL basis choice (17)
|ψ(t = 0)〉 = N
2
2
√
2pq
{|KS〉l ⊗ |KL〉r − |KL〉l ⊗ |KS〉r} . (30)
Then we get the state at time t from (30) by applying the unitary operator
U(t, 0) = Ul(t, 0)⊗ Ur(t, 0) , (31)
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where the operators Ul(t, 0) and Ur(t, 0) act on the subspace of the left and
of the right mesons according to the time evolution (24).
What we are finally interested in are the quantummechanical probabilities
for detecting, or not detecting, a specific quasi–spin state on the left side |kn〉l
and on the right side |kn〉r of the source. For that we need the projection
operators Pl,r(kn) on the left, right quasi–spin states |kn〉l,r together with
the projection operators that act onto the orthogonal states Ql,r(kn)
Pl(kn) = |kn〉l l〈kn| and Pr(kn) = |kn〉r r〈kn| , (32)
Ql(kn) = 1− Pl(kn) and Qr(kn) = 1− Pr(kn) . (33)
So starting from the initial state (30) the unitary time evolution (31) deter-
mines the state at a time tr
|ψ(tr)〉 = U(tr, 0)|ψ(t = 0)〉 = Ul(tr, 0)⊗ Ur(tr, 0)|ψ(t = 0)〉 . (34)
If we now measure a certain quasi–spin km at tr on the right side means that
we project onto the state
|ψ˜(tr)〉 = Pr(km)|ψ(tr)〉 . (35)
This state, which is now a one–particle state of the left–moving particle,
evolves until tl when we measure another kn on the left side and we get
|ψ˜(tl, tr)〉 = Pl(kn)Ul(tl, tr)Pr(km)|ψ(tr)〉 . (36)
The probability of the joint measurement is given by the squared norm of the
state (36). It coincides (due to unitarity, composition laws and commutation
properties of l, r-operators) with the state
|ψ(tl, tr)〉 = Pl(kn)Pr(km)Ul(tl, 0)Ur(tr, 0)|ψ(t = 0)〉 , (37)
which corresponds to a factorization of the time into an eigentime tl on the
left side and into an eigentime tr on the right side.
Then we calculate the quantum mechanical probability Pn,m(Y, tl;Y, tr)
for finding a kn at tl on the left side and a km at tr on the right side and the
probability Pn,m(N, tl;N, tl) for finding no such kaons by the following norms;
and similarly the probability Pn,m(Y, tl;N, tr) when a kn at tl is detected on
the left but no km at tr on the right
Pn,m(Y, tl;Y, tr) = ||Pl(kn)Pr(km)Ul(tl, 0)Ur(tr, 0)|ψ(t = 0)〉||2 , (38)
Pn,m(N, tl;N, tr) = ||Ql(kn)Qr(km)Ul(tl, 0)Ur(tr, 0)|ψ(t = 0)〉||2 , (39)
Pn,m(Y, tl;N, tr) = ||Pl(kn)Qr(km)Ul(tl, 0)Ur(tr, 0)|ψ(t = 0)〉||2 . (40)
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5 Bell inequalities for spin–1
2
particles
In this section we derive the well-known Bell-inequalities [13] and we want
to present the details because of the close analogy between the spin/photon
systems and kaon systems. Let us start with a BI which holds most generally,
the CHSH inequality, named after Clauser, Horne, Shimony and Holt [57],
and then we derive from that inequality —with two further assumptions—
the original Bell inequality and the Wigner–type inequality.
Let A(n, λ) and B(m,λ) be the definite values of two quantum observables
AQM (n) and BQM (m), measured by Alice on one side and by Bob on the
other. The parameter λ denotes the hidden variables which are not accessible
to an experimenter but carry the additional information needed in a LRT.
The measurement result of one observable is A(n, λ) = ±1 corresponding
to the spin measurement “spin up” and “spin down” along the quantization
direction n of particle 1; and A(n, λ) = 0 if no particle was detected at all.
The analogue holds for the result B(m,λ) of particle 2.
Bell’s locality hypothesis: The basic ingredient is the following.
• The outcome of Alice’s measurement does not depend on the settings of
Bob’s instruments; i.e., A(n, λ) depends only on the direction n, but not
on m; and analogously B(m,λ) depends only on m but not on n !
That’s the crucial point, for the combined spin measurement we then have
the following expectation value
E(n,m) =
∫
dλ ρ(λ)A(n, λ)B(m,λ) , (41)
with the normalized probability distribution∫
dλ ρ(λ) = 1 . (42)
This quantity E(n,m) corresponds to the quantum mechanical expectation
value EQM (n,m) = 〈AQM (n)⊗BQM (m)〉.
It is straightforward to estimate the absolute value of the difference of
two expectation values (see, for example, Refs. [57, 58, 59]):
E(n,m) − E(n,m′) =
∫
dλ ρ(λ)A(n, λ)B(m,λ)
{
1±A(n′, λ)B(m′, λ)}
−
∫
dλ ρ(λ)A(n, λ)B(m′, λ)
{
1±A(n′, λ)B(m,λ)} , (43)
then the absolute value provides
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|E(n,m)− E(n,m′) | ≤
∫
dλ ρ(λ)
{
1±A(n′, λ)B(m′, λ)}
+
∫
dλ ρ(λ)
{
1±A(n′, λ)B(m,λ)} , (44)
and with the normalization (42) we get
|E(n,m)− E(n,m′) | ≤ 2 ± |E(n′,m′) + E(n′,m) | , (45)
or written more symmetrically
S = |E(n,m)− E(n,m′) |+ |E(n′,m′) + E(n′,m) | ≤ 2 . (46)
This is the familiar CHSH-inequality, derived by Clauser, Horne, Shimony
and Holt [57] in 1969. Every local realistic hidden variable theory must obey
this inequality !
Calculating the quantum mechanical expectation values EQM (n,m) in
the spin singlet state |ψ〉 = 1√
2
(|⇑n〉|⇓m〉 − |⇓n〉|⇑m〉)
EQM (n,m) = 〈ψ|AQM (n)⊗BQM (m)|ψ〉
= 〈ψ|σ · n ⊗ σ ·m|ψ〉 = − cosφn,m , (47)
where the φn,m are the angles between the two quantization directions n and
m, we insert (47) into (46) and obtain the following inequality
S(n,m, n′,m′) = | cosφn,m − cosφn,m′ |
+ | cosφn′,m′ + cosφn′,m| ≤ 2 . (48)
For certain angles φ —the so called Bell angles— inequality (48) is vio-
lated! The maximal violation is 2
√
2, achieved by the Bell angles φn,m′ =
3pi
4
and φn,m = φn′,m′ = φn′,m =
pi
4 .
Experimentally, for entangled photon pairs, inequality (48) is violated un-
der strict Einstein locality conditions in an impressive way, with a result in
close agreement with QM Sexp = 2.73± 0.02 [10], confirming previous exper-
imental results on similar inequalities [7, 8, 9].
Now we make two assumptions: perfect correlations E(n, n) = −1, no 0
results, and choose 3 different angles (e.g. n′ = m′) then inequality (45) gives
|E(n,m)− E(n, n′)| ≤ 2 ± {E(n′, n′)︸ ︷︷ ︸+E(n′,m)}
− 1 ∀ n′
or
|E(n,m)− E(n, n′)| ≤ 1 + E(n′,m). (49)
This is the famous Bell’s inequality derived by J.S. Bell in 1964 [5].
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Finally, we rewrite the expectation value for the measurement of two
spin– 12 particles in terms of probabilities P
E(n,m) = P (n ⇑;m ⇑) + P (n ⇓;m ⇓)− P (n ⇑;m ⇓)− P (n ⇓;m ⇑)
= −1 + 4 P (n ⇑;m ⇑) , (50)
where we used P (n ⇑;m ⇑) = P (n ⇓;m ⇓), P (n ⇑;m ⇓) = P (n ⇓;m ⇑) and∑
P = 1. Then Bell’s original inequality (49) turns into Wigner’s inequality
P (n;m) ≤ P (n;n′) + P (n′;m) , (51)
where the P ’s are the probabilities for finding the spins up–up on the two sides
or down–down or twisted, up–down and down–up. Note, that the Wigner
inequality has been originally derived by a set–theoretical approach [60].
6 Bell inequalities for K–mesons
Let us return to the kaon states which we describe within the “quasi–spin”
picture. We start again from the state |ψ(t = 0)〉, Eq.(16) or Eq.(17), of
entangled “quasi–spins” states and consider its time evolution U(t, 0)|ψ(0)〉.
Then we find the following situation.
6.1 Analogies and differences
When performing two measurements to detect the kaons at the same time at
the left side and at the right side of the source, the probability of finding two
mesons with the same “quasi–spin” —i.e. K0K0 with strangeness (+1,+1)
or K¯0K¯0 with strangeness (−1,−1)— is zero.
That means, if we measure at time t a K0 meson on the left side (denoted
by Y , yes), we will find with certainty at the same time t noK0 on the right
side (denoted by N , no). This is an EPR–Bell correlation analogously to the
spin– 12 or photon case, e.g., with polarization V–H (see Refs.[47, 30, 61]).
The analogy would be perfect, if the kaons were stable (ΓS = ΓL = 0);
then the quantum probabilities yield the result
P (Y, tl;Y, tr) = P (N, tl;N, tr) =
1
4
{
1− cos(∆m(tl − tr))
}
,
P (Y, tl;N, tr) = P (N, tl;Y, tr) =
1
4
{
1 + cos(∆m(tl − tr))
}
. (52)
It coincides with the probability result of finding simultaneously two entan-
gled spin– 12 particles in spin directions ⇑ ⇑ or ⇑ ⇓ along two chosen directions
n and m
P (n,⇑;m,⇑) = P (n,⇓;m,⇓) = 1
4
{
1− cos θ} ,
P (n,⇑;m,⇓) = P (n,⇓;m,⇑) = 1
4
{
1 + cos θ
}
. (53)
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Analogies: Perfect analogy between times and angles.
• The time differences ∆m(tl − tr) in the kaon case play the role of the
angle differences θ in the spin–12 or photon case.
K propagation photon propagation
✛ ✲❤K K
1−−left right Alice Bob
✛ ✲❤
singlet
• K0K¯0 oscillation • KS, KL decay • stable
• for tl = tr: EPR–like correlation
✛ ✲❤K0 K¯0
NOK0 K0
✛ ✲❤⇑ V ⇓ H
NO⇑ V ⇑ V
• for tl 6= tr: EPR–Bell correlation
✛ ✲❤K
0 K0 K¯0 ✛ ✲❤⇑ V րւ V H
Differences: There are important physical differences.
i) While in the spin– 12 or photon case one can test whether a system is in
an arbitrary spin state α| ⇑〉 + β| ⇓〉 one cannot test it for an arbitrary
superposition α|K0〉+ β|K¯0〉.
ii) For entangled spin– 12 particles or photons it is clearly sufficient to con-
sider the direct product space H lspin ⊗ Hrspin to account for all spin or
polarization properties of the entangled system, however, this is not so for
kaons. The unitary time evolution of a kaon state also involves the decay
product states (see Section 4), therefore one has to include the Hilbert
space of the decay products H lΩ ⊗HrΩ which is orthogonal to the space
H lkaon ⊗Hrkaon of the surviving kaons.
Consequently, the appropriate dichotomic question on the system is: “Are
you a K0 or not ?” It is clearly different from the question “Are you a K0 or
a K¯0 ?” (as treated, e.g., in Ref.[61]), since all decay products —an additional
characteristic of the quantum system— are ignored by the latter.
6.2 Bell–CHSH inequality — general form
Measuring a K¯0 (it is the antiparticle that is actually measured via strong
interactions in matter) on the left side we can predict with certainty to find
at the same time no K¯0 at the right side. In any LRT this property no K¯0
must be present on the right side irrespective of having the measurement
performed or not. In order to discriminate between QM and LRT we set up a
Bell inequality for the kaon system where now the different times play the role
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of the different angles in the spin– 12 or photon case. But, in addition, we also
may use the freedom of choosing a particular quasi–spin state of the kaon,
e.g., the strangeness eigenstate, the mass eigenstate, or the CP eigenstate.
Thus an expectation value for the combined measurement E(kn, ta; km, tb)
depends on a certain quasi–spin kn measured on the left side at a time ta
and on a (possibly different) km on the right side at tb. Taking over the
argumentation of Sect. 5 we derive the following Bell–CHSH inequality [47]
|E(kn, ta; km, tb) − E(kn, ta; km′ , tb′)|
+ |E(kn′ , ta′ ; km′ , tb′) + E(kn′ , ta′ ; km, tb)| ≤ 2 , (54)
which expresses both the freedom of choice in time and in quasi–spin. If we
identify E(kn, ta; km, tb) ≡ E(n,m) we are back at the inequality (46) for the
spin– 12 case.
The expectation value for the series of identical measurements can be
expressed in terms of the probabilities, where we denote by Pn,m(Y, ta;Y, tb)
the probability for finding a kn at ta on the left side and finding a km at
tb on the right side and by Pn,m(N, ta;N, tb) the probability for finding no
such kaons; similarly Pn,m(Y, ta;N, tb) denotes the case when a kn at ta is
detected on the left but no km at tb on the right. Then the expectation value
is given by the following probabilities
E(kn, ta; km, tb) = Pn,m(Y, ta;Y, tb) + Pn,m(N, ta;N, tb)
−Pn,m(Y, ta;N, tb)− Pn,m(N, ta;Y, tb) . (55)
Since the sum of the probabilities for (Y, Y ), (N,N), (Y,N) and (N, Y ) just
add up to unity we get
E(kn, ta; km, tb) = −1 + 2
{
Pn,m(Y, ta;Y, tb) + Pn,m(N, ta;N, tb)
}
. (56)
Note that relation (55) between the expectation value and the probabilities
is satisfied for QM and LRT as well.
6.3 Bell inequality for time variation
Alternative: In Bell inequalities for meson systems we have an option
• fixing the quasi–spin — freedom in time
• freedom in quasi–spin — fixing time.
Let us elaborate on the first one. We choose a definite quasi–spin, say
strangeness S = +1 that means kn = km = kn′ = km′ = K
0, we neglect
CP violation (which does not play a role to our accuracy level here) then we
obtain the following formula for the expectation value
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E(tl; tr) = − cos(∆m∆t) · e−Γ (tl+tr)
+
1
2
(1− e−ΓLtl)(1 − e−ΓStr) + 1
2
(1 − e−ΓStl)(1− e−ΓLtr ). (57)
Since expectation value (57) corresponds to a unitary time evolution, it
contains, in addition to the pure meson state contribution, terms coming from
the decay product states |ΩL,S(t)〉.
However, in the kaon system we can neglect the width of the long–lived
K–meson as compared to the short–lived one, ΓL ≪ ΓS , so that we have to
a good approximation
Eapprox(tl; tr) = − cos(∆m∆t) · e−Γ (tl+tr) , (58)
which coincides with an expectation value where all decay products are ig-
nored (the probabilities, e.g. P (K0, ta; K¯
0, tb), just contain the meson states).
This is certainly not the case for other meson systems, like the B0B¯0, D0D¯0
and B0s B¯
0
s systems (see below).
Inserting now the quantum mechanical expectation value (58) into in-
equality (54) we arrive at Ghirardi, Grassi and Weber’s result [56]
|e−ΓS2 (ta+ta′ ) cos(∆m(ta − ta′))− e−
ΓS
2
(ta+tb′ ) cos(∆m(ta − tb′))| (59)
+|e−ΓS2 (ta′+tb) cos(∆m(ta′ − tb)) + e−
ΓS
2
(tb+tb′ ) cos(∆m(tb − tb′))| ≤ 2 .
(Of course, we could have chosen K¯0 instead of K0 without any change).
No violation: Unfortunately, inequality (59) cannot be violated [56, 62]
for any choice of the four (positive) times ta, tb, ta′ , tb′ due to the interplay
between the kaon decay and strangeness oscillations. As demonstrated in Ref.
[63] a possible violation depends very much on the ratio x = ∆m/Γ . The
numerically determined range for no violation is 0 < x < 2 [64] and the
experimental value xexper = 0.95 lies precisely inside.
Remark on other meson systems: Instead of K–mesons we also can
consider entangled B–mesons, produced via the resonance decay Υ (4S) →
B0B¯0, e.g., at the KEKB asymmetric e+e− collider in Japan. In such a
system, the beauty quantum number B = +,− is the analogue to strangeness
S = +,− and instead of long– and short–lived states we have the heavy
|BH〉 and light |BL〉 as eigenstates of the non–Hermitian “effective mass”
Hamiltonian. Since for B–mesons the decay widths are equal, ΓH = ΓL = ΓB,
we get for the expectation value in a unitary time evolution
E(tl; , tr) = − cos(∆mB∆t) · e−ΓB(tl+tr)
+(1− e−ΓBtl)(1− e−ΓBtr ) , (60)
where ∆mB = mH − mL is the mass difference of the heavy and light B–
meson. Here, the additional term from the decay products cannot be ignored.
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Inserting expectation value (60) into inequality (54) for a fixed quasi–spin,
say, for flavor B = +1, i.e. B0, we find that the Bell-CHSH inequality cannot
be violated in the x range 0 < x < 2.6 [64]. Again, the experimental value
xexper = 0.77 lies inside.
Precisely the same feature occurs for an other meson–antimeson system,
the charmed system D0D¯0.
Since the experimental x values for different meson systems are the fol-
lowing ones:
x meson system
0.95 K0K¯0
0.77 B0B¯0
< 0.03 D0D¯0
> 19.00 B0s B¯
0
s
no violation of the Bell–CHSH inequality occurs for the familiar meson–
antimeson systems; only for the last system a violation is expected.
Conclusion: One cannot use the time–variation type of Bell inequality
to exclude local realistic theories.
6.4 Bell inequality for quasi–spin states — CP violation
Now we investigate the second option. We fix the time, say at t = 0, and vary
the quasi–spin of the K–meson. It corresponds to a rotation in quasi–spin
space analogously to the spin– 12 or photon case.
Analogy: Rotation in “quasi–spin” space ←→ polarization space
• The quasi–spin of kaons plays the role of spin or photon polarization !
|k〉 = a|K0〉+ b|K¯0〉 ←→ |n〉 = cos α
2
|⇑〉+ sin α
2
|⇓〉
For a BI we need 3 different “angles” — “quasi–spins” and we may choose
the H , S and CP eigenstates
|kn〉 = |KS〉 , |km〉 = |K¯0〉 , |kn′〉 = |K01 〉 . (61)
Denoting the probability of measuring the short–lived state KS on the left
side and the anti–kaon K¯0 on the right side, at the time t = 0, by P (KS , K¯
0),
and analogously the probabilities P (KS ,K
0
1) and P (K
0
1 , K¯
0) we can easily
derive under the usual hypothesis of Bell’s locality the following Wigner–like
Bell inequality (see Eq. (51))
P (KS , K¯
0) ≤ P (KS,K01 ) + P (K01 , K¯0) . (62)
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Inequality (62) first considered by Uchiyama [65] can be converted into the
inequality Re {ε} ≤ | ε |2 for the CP violation parameter ε , which is ob-
viously violated by the experimental value of ε , having an absolute value of
order 10−3 and a phase of about 45◦ [66].
We, however, want to stay as general and loophole–free as possible and
demonstrate the relation of Bell inequalities to CP violation in the following
way [67].
The Bell inequality (62) is rather formal because it involves the unphysical
CP–even state |K01 〉, but it implies an inequality on a physical CP violation
parameter which is experimentally testable. For the derivation, recall the H
and CP eigenstates, Eqs. (5) and (3), then we have the following transition
amplitudes
〈K¯0|KS〉 = − q
N
, 〈K¯0|K01 〉 = −
1√
2
, 〈KS |K01〉 =
1√
2N
(p∗ + q∗) , (63)
which we use to calculate the probabilities in BI (62). Optimizing the in-
equality we find, independent of any phase conventions of the kaon states,
| p | ≤ | q | . (64)
Proposition: p, q – kaon transition coefficients
• Inequality | p | ≤ | q | is experimentally testable !
Semileptonic decays: Let us consider the semileptonic decays of the K
mesons. The strange quark s decays weakly as constituent of K¯0:
✲s
⌣ ⌣ ⌣
⌢ ⌢
W−  ✒
u
  ✒
e
−
✲ ν¯e
Due to their quark content the kaon K0(s¯d) and the anti–kaon K¯0(sd¯)
have the following definite decays:
decay of strange particles quark level
K0(ds¯) −→ pi−(du¯) l+ νl
Q 0 −1
S 1 0
s¯ −→ u¯ l+ νl
1
3
−
2
3
1 0
K¯0(d¯s) −→ pi+(d¯u) l− ν¯l
Q 0 +1
S −1 0
s −→ u l− ν¯l
−
1
3
2
3
−1 0
∆S = ∆Q rule
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In particular, we study the leptonic charge asymmetry
δ =
Γ (KL → pi−l+νl)− Γ (KL → pi+l−ν¯l)
Γ (KL → pi−l+νl) + Γ (KL → pi+l−ν¯l) with l = µ, e , (65)
where l represents either a muon or an electron. The ∆S = ∆Q rule for the
decays of the strange particles implies that —due to their quark content—
the kaon K0(s¯d) and the anti-kaon K¯0(sd¯) have definite decays (see above
Table). Thus, l+ and l− tag K0 and K¯0, respectively, in the KL state, and
the leptonic asymmetry (65) is expressed by the probabilities |p|2 and |q|2 of
finding a K0 and a K¯0, respectively, in the KL state
δ =
|p|2 − |q|2
|p|2 + |q|2 . (66)
Then inequality (64) turns into the bound
δ ≤ 0 (67)
for the leptonic charge asymmetry which measures CP violation.
If CP were conserved, we would have δ = 0. Experimentally, however, the
asymmetry is nonvanishing2, namely
δ = (3.27± 0.12) · 10−3 , (68)
and is thus a clear sign of CP violation.
The bound (67) dictated by BI (62) is in contradiction to the experimental
value (68) which is definitely positive. In this sense CP violation is related
to the violation of a Bell inequality !
On the other hand, we can replace K¯0 by K0 in the BI (62) and along
the same lines as discussed before we obtain the inequality
| p | ≥ | q | or δ ≥ 0 . (69)
Altogether inequalities (64), (67) and (69) imply the strict equality
| p | = | q | or δ = 0 , (70)
which is in contradiction to experiment.
Conclusion: The premises of LRT are only compatible with strict CP
conservation in K0K¯0 mixing. Conversely, CP violation in K0K¯0 mixing,
no matter which sign the experimental asymmetry (65) actually has, always
leads to a violation of a BI, either of inequality (64), (67) or of (69). In this
2It is the weighted average over electron and muon events, see Ref. [66].
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way, δ 6= 0 is a manifestation of the entanglement of the considered state.
We also want to remark that in case of Bell inequality (62), since it is
considered at t = 0, it is rather contextuality than nonlocality which is tested.
Noncontextuality means that the value of an observable does not depend
on the experimental context; the measurement of the observable must yield
the value independent of other simultaneous measurements. The question
is whether the properties of individual parts of a quantum system do have
definite or predetermined values before the act of measurement — a main
hypothesis in hidden variable theories. The no-go theorem of Bell–Kochen–
Specker [68] states:
• Noncontextual theories are incompatible with QM !
The contextual quantum feature is verified in our case.
7 Decoherence in entangled K0K¯0 system
Again, we consider the creation of an entangled kaon state at the Φ reso-
nance; the state propagates to the left and right until the kaons are measured.
✛ ✲❤K K
Φleft right
k1 k2
measure
quasi-spin: |k1〉l on left side ←→ |k2〉r on right side
How can we describe and measure possible decoherence in the entangled
state? Decoherence provides us some information on the quality of the en-
tangled state.
In the following we consider possible decoherence effects arising from some
interaction of the quantum system with its “environment”. Sources for “stan-
dard” decoherence effects are the strong interaction scatterings of kaons with
nucleons, the weak interaction decays and the noise of the experimental setup.
“Nonstandard” decoherence effects result from a fundamental modification of
QM and can be traced back to the influence of quantum gravity [69, 70, 71] —
quantum fluctuations in the space–time structure on the Planck mass scale—
or to dynamical state–reduction theories [72, 73, 74, 75], and arise on a dif-
ferent energy scale. We will present in the following a specific model of de-
coherence and quantify the strength of such possible effects with the help of
data of existing experiments.
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7.1 Density matrix
In decoherence theory there will occur a statistical mixture of quantum states,
which can be elegantly described by a density matrix. It is of great importance
for quantum statistics, therefore we briefly recall its conception and basic
properties.
Usually a quantum system is described by a state vector |ψ〉 which is
determined by the Schro¨dinger equation
i
∂
∂t
|ψ〉 = H |ψ〉 , ~ = 1 . (71)
The expectation value of an observable A in the state |ψ〉 is calculated by
〈A〉 = 〈ψ|A|ψ〉 . (72)
Then it is rather suggestive to define a density matrix for pure states as
ρ = |ψ〉〈ψ| , (73)
with properties
ρ2 = ρ , ρ† = ρ , trρ = 1 . (74)
The extension to a statistical mixture of states with probabilities pi —the
density matrix for mixed states— is straight forward
ρ =
∑
i
pi |ψi〉〈ψi| with pi ≥ 0
∑
i
pi = 1 . (75)
The mixed state density matrix has the properties
ρ2 6= ρ , ρ† = ρ , trρ = 1 , trρ2 < 1 . (76)
Then the expectation value of observable A in a state ρ is defined by
〈A〉 = tr ρA . (77)
Due to the Schro¨dinger equation (71) the time evolution of the density matrix
is determined by an equation, called the von Neumann equation
i
∂
∂t
ρ = [H, ρ] . (78)
Example: Density matrix for spin– 12 state
ρ =
1
2
(1+ ρ · σ) with ρ = tr ρσ = 〈σ〉 Bloch vector ;
if |ρ| = 1 pure state ,
if |ρ| < 1 mixed state . (79)
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Explicitly, the density matrix for a pure state with spin σ along α denotes
ρ = |⇑ α〉〈⇑ α| =
(
cos2 α2
1
2 sinα e
−iφ
1
2 sinα e
iφ sin2 α2
)
(80)
and for a mixed state with a 50 : 50 mixture of spin up and down we have
ρmixed =
1
2
(|⇑〉〈⇑|+ |⇓〉〈⇓|) = 1
2
1 . (81)
Proposition: for a density matrix of mixed states
• There are different mixtures of states leading to the same ρmixed !
Example:
ρmixed =
1
2
↑↓ = 1
3
=
1
2
1
✻
 ✠❅❘
Here, the up–down arrows denote the mixed state (81), where the weight
is 12 , and the three star–like arrows represent a mixture of three states (80)
with the angles α = 0o,±120o (φ = 0o) and the weight 13 .
Physics:
• The physics depends only on the density matrix ρ !
=⇒ Several types of mixtures of the same ρmixed are not distinguishable.
They are different expressions of incomplete information about system.
=⇒ The entropy of a quantum system measures the degree of uncertainty,
i.e., the lack of knowledge, of the quantum state of a system.
7.2 Model
We discuss the model of decoherence in a 2-dimensional Hilbert spaceH = C2
and consider the usual non-Hermitian “effective mass” Hamiltonian H which
describes the decay properties and the strangeness oscillations of the kaons.
The mass eigenstates, the short–lived |KS〉 and long–lived |KL〉 states, are
determined by
H |KS,L〉 = λS,L |KS,L〉 with λS,L = mS,L − i
2
ΓS,L , (82)
with mS,L and ΓS,L being the corresponding masses and decay widths. For
our purpose CP invariance3 is assumed, i.e. the CP eigenstates |K01 〉, |K02 〉
3Note that corrections due to CP violations are of order 10−3, however, we
compare this model of decoherence with the data of the CPLEAR experiment [35]
which are not sensitive to CP violating effects.
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are equal to the mass eigenstates
|K01 〉 ≡ |KS〉, |K02 〉 ≡ |KL〉, and 〈KS |KL〉 = 0 . (83)
As a starting point for our model of decoherence we consider the Liouville
– von Neumann equation with the Hamiltonian (82) and allow for decoherence
by adding a so–called dissipator D[ρ], so that the time evolution of the density
matrix ρ is governed by the following master equation
dρ
dt
= − iHρ + iρH† − D[ρ] . (84)
For the dissipative term D[ρ] we write the simple ansatz (see Refs.[42, 48])
D[ρ] = λ
(
PSρPL + PLρPS
)
=
λ
2
∑
j=S,L
[
Pj , [Pj , ρ]
]
, (85)
where Pj = |Kj〉〈Kj | (j = S,L) denote the projectors to the eigenstates of
the Hamiltonian and λ is called decoherence parameter ; λ ≥ 0.
Remark: Note that we focus here on the undecayed kaon system which
is described by the non–Hermitian “effective mass” Hamiltonian (6), (82).
In this case the master equation (84) is not trace conserving. But it, clearly,
becomes trace conserving again when we include the decay product states as
well. So the total system is described by an enlarged Hilbert space being the
direct sum of the kaon– and decay product space. Since our interest is the
decoherence study of the undecayed K–meson system we confine ourselves
to master equation (84) neglecting the part of the decay products.
Features: With ansatz (85) our model has the following nice features.
i) It describes a completely positive map; when identifyingAj =
√
λPj , j =
S,L, it is a special case of Lindblad’s general structure [76]
D[ρ] =
1
2
∑
j
(A†jAj ρ+ ρA
†
jAj − 2AjρA†j) . (86)
Equivalently, it is a special form of the Gorini–Kossakowski–Sudarshan
expression [77] (see Ref.[78]).
ii) It conserves energy in case of a Hermitian Hamiltonian since [Pj , H ] = 0
(see Ref.[79]).
iii) The von Neumann entropy S(ρ) = − Tr(ρ ln ρ) is not decreasing as a
function of time since P †j = Pj , thus A
†
j = Aj in our case (see Ref.[80]).
With choice (85) the time evolution (84) decouples for the components of
the matrix ρ, which are defined by
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ρ(t) =
∑
i,j=S,L
ρij(t) |Ki〉〈Kj | , (87)
and we obtain
ρSS(t) = ρSS(0) · e−ΓSt ,
ρLL(t) = ρLL(0) · e−ΓLt ,
ρLS(t) = ρLS(0) · e−i∆mt−Γt−λt , (88)
where ∆m = mL −mS and Γ = 12 (ΓS + ΓL) .
7.3 Entangled kaons
Let us study now entangled neutral kaons. We use the abbreviations
|e1〉 = |KS〉l ⊗ |KL〉r and |e2〉 = |KL〉l ⊗ |KS〉r , (89)
and regard —as usual— the total Hamiltonian as a tensor product of the 1–
particle Hilbert spaces:H = Hl⊗1r+1l⊗Hr, where l denotes the left–moving
and r the right–moving particle. The initial Bell singlet state
|ψ−〉 = 1√
2
{
|e1〉 − |e2〉
}
(90)
is equivalently described by the density matrix
ρ(0) = |ψ−〉〈ψ−| = 1
2
{
|e1〉〈e1|+ |e2〉〈e2| − |e1〉〈e2| − |e2〉〈e1|
}
. (91)
Then the time evolution given by (84) with our ansatz (85), where now the
operators Pj = |ej〉〈ej | (j = 1, 2) project to the eigenstates of the 2–particle
Hamiltonian H , also decouples
ρ11(t) = ρ11(0) e
−2Γt ,
ρ22(t) = ρ22(0) e
−2Γt ,
ρ12(t) = ρ12(0) e
−2Γt−λt . (92)
Consequently, we obtain for the time-dependent density matrix
ρ(t) =
1
2
e−2Γt
{
|e1〉〈e1|+ |e2〉〈e2| − e−λt
( |e1〉〈e2|+ |e2〉〈e1| )
}
. (93)
The decoherence arises through the factor e−λt which only effects the off–
diagonal elements. It means that for t > 0 and λ 6= 0 the density matrix ρ(t)
does not correspond to a pure state anymore.
Finally, in order to arrive at a proper density matrix for the kaon system,
conditioned on having not decayed up to time t , we have to divide ρ(t) (93)
by the trace Trρ(t
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7.4 Measurement
In our model the parameter λ quantifies the strength of possible decoherence
of the whole entangled state. We want to determine its permissible range of
values by experiment.
Concerning the measurement, we have the following point of view. The
2–particle density matrix follows the time evolution given by Eq.(84) with
the Lindblad generators Aj =
√
λ |ej〉〈ej | and undergoes thereby some deco-
herence. We measure the strangeness content S of the right–moving particle
at time tr and of the left–moving particle at time tl. For sake of definiteness
we choose tr ≤ tl. For times tr ≤ t ≤ tl we have a 1–particle state which
evolves exactly according to QM, i.e. no further decoherence is picked up.
In theory we describe the measurement of the strangeness content, i.e.
the right–moving particle being a K0 or a K¯0 at time tr, by the following
projection onto ρ
Trr
{
1l ⊗ |S
′〉〈S′ |r ρ(tr)
} ≡ ρl(t = tr; tr) , (94)
where strangeness S
′
= +,− and |+〉 = |K0〉, |−〉 = |K¯0〉. Consequently,
ρl(t; tr) for times t ≥ tr is the 1–particle density matrix for the left–moving
particle and evolves as a 1–particle state according to pure QM. At t = tl
the strangeness content (S = +,−) of the second particle is measured and
we finally calculate the probability
Pλ(S, tl;S
′
, tr) = Trl
{|S〉〈S|l ρl(tl; tr)} . (95)
Explicitly, we find the following results for the like– and unlike–strangeness
probabilities
Pλ(K
0, tl;K
0, tr) = Pλ(K¯
0, tl; K¯
0, tr)
=
1
8
{
e−ΓStl−ΓLtr + e−ΓLtl−ΓStr − e−λtr 2 cos(∆m∆t) · e−Γ (tl+tr)
}
,
Pλ(K
0, tl; K¯
0, tr) = Pλ(K¯
0, tl;K
0, tr)
=
1
8
{
e−ΓStl−ΓLtr + e−ΓLtl−ΓStr + e−λtr 2 cos(∆m∆t) · e−Γ (tl+tr)
}
(96)
with ∆t = tl − tr.
Note that at equal times tl = tr = t the like–strangeness probabilities
Pλ(K
0, t;K0, t) = Pλ(K¯
0, t; K¯0, t) =
1
4
e−2Γt (1− e−λt) (97)
do not vanish, in contrast to the pure quantum mechanical EPR-correlations.
The interesting quantity is the asymmetry of probabilities ; it is directly
sensitive to the interference term and can be measured experimentally. For
pure QM we have
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AQM (∆t) =
=
P (K0, tl; K¯
0, tr) + P (K¯
0, tl;K
0, tr)− P (K0, tl;K0, tr)− P (K¯0, tl; K¯0, tr)
P (K0, tl; K¯0, tr) + P (K¯0, tl;K0, tr) + P (K0, tl;K0, tr) + P (K¯0, tl; K¯0, tr)
=
cos(∆m∆t)
cosh(12∆Γ∆t)
, (98)
with ∆Γ = ΓL−ΓS , and for our decoherence model we find, by inserting the
probabilities (96),
Aλ(tl, tr) =
cos(∆m∆t)
cosh(12∆Γ∆t)
e−λmin {tl,tr}
= AQM (∆t) e−λmin {tl,tr} . (99)
Thus the decoherence effect, simply given by the factor e−λmin {tl,tr}, depends
only —according to our philosophy— on the time of the first measured kaon,
in our case: min {tl, tr} = tr.
7.5 Experiment
Now we compare our model with the results of the CPLEAR experiment [35]
at CERN where K0K¯0 pairs are produced in the pp¯ collider: pp¯ −→ K0K¯0.
These pairs are predominantly in an antisymmetric state with quantum num-
bers JPC = 1−− and the strangeness of the kaons is detected via strong in-
teractions in surrounding absorbers (made of copper and carbon).
Examples:
S = +1 : K0(ds¯) +N −→ K+(us¯) +X ,
S = −1 : K¯0(d¯s) +N −→ K−(u¯s) +X ,
S = −1 : K¯0(d¯s) +N −→ Λ(uds) +X and Λ −→ ppi− ;
like–strangeness events: (K−, Λ) ,
unlike–strangeness events: (K+,K−), (K+, Λ) .
The experimental set–up has two configurations (see Fig.1). In configura-
tion C(0) both kaons propagate 2 cm, they have nearly equal proper times
(tr ≈ tl) when they are measured by the absorbers. This fulfills the condition
for an EPR–type experiment. In configuration C(5) one kaon propagates 2 cm
and the other kaon 7 cm, thus the flight–path difference is 5 cm on average,
corresponding to a proper time difference |tr − tl| ≈ 1.2τS .
Fitting the decoherence parameter λ by comparing the asymmetry (99)
with the experimental data [35] (see Fig.2) we find, when averaging over both
configurations, the following bounds on λ
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Fig. 1. Example of CPLEAR event: like-strangeness (K−, Λ)
λ¯ = (1.84+2.50−2.17) · 10−12 MeV and Λ¯ =
λ¯
ΓS
= 0.25+0.34−0.32 . (100)
The results (100) are certainly compatible with QM (λ = 0), nevertheless,
the experimental data allow an upper bound λ¯up = 4.34 · 10−12 MeV for
possible decoherence in the entangled K0K¯0 system.
Fig. 2. The asymmetry (99) as a function of the flight–path difference of the kaons.
The dashed curve corresponds to QM, the solid curves represent the best fit (100)
to the CPLEAR data [35], given by the crosses. The horizontal line indicates the
Furry–Schro¨dinger’s hypothesis [1, 4], as explained in Sect. 8.
B0B¯0 system: An analogous investigation of “decoherence of entangled
beauty” has been carried out in Ref.[42]. However, there time integrated
events from the semileptonic decays of the entangledB0B¯0 pairs are analyzed,
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which were produced at the colliders at DESY and Cornell. The analysis
provides the bounds λB = (−47 ± 76) · 10−12 MeV, which are an order of
magnitude less restrictive than the bounds (100) of the K0K¯0 system.
The possibility to measure the asymmetry at different times is offered
now also in the B–meson system. Entangled B0B¯0 pairs are created with
high density at the asymmetric B–factories and identified by the detectors
BELLE at KEK-B (see e.g. Refs. [81, 82]) and BABAR at PEP-II (see e.g.
Refs. [83, 84]) with a high resolution at different distances or times.
8 Connection to phenomenological model
There exists a simple procedure [37, 38, 39] for introducing decoherence in a
rather phenomenological way, more in the spirit of Furry [4] and Schro¨dinger
[1] to describe the process of spontaneous factorization of the wavefunction.
QM is modified in the sense that we multiply the interference term of the
transition amplitude by the factor (1 − ζ). The quantity ζ is called effective
decoherence parameter. Starting again from the Bell singlet state |ψ−〉, which
is given by the mass eigenstate representation (90), we have for the like–
strangeness probability
P (K0, tl;K
0, tr) = ||〈K0|l ⊗ 〈K0|r |ψ−(tl, tr)〉||2
−→ Pζ(K0, tl;K0, tr) = 1
2
{
e−ΓStl−ΓLtr |〈K0|KS〉l|2 |〈K0|KL〉r|2
+ e−ΓLtl−ΓStr |〈K0|KL〉l|2 |〈K0|KS〉r|2 − 2 (1− ζ)︸ ︷︷ ︸ e−Γ (tl+tr)
modification
× Re{〈K0|KS〉∗l 〈K0|KL〉∗r〈K0|KL〉l〈K0|KS〉r e−i∆m∆t}
}
=
1
8
{
e−ΓStl−ΓLtr + e−ΓLtl−ΓStr − 2 (1− ζ)︸ ︷︷ ︸ e−Γ (tl+tr) cos(∆m∆t)
}
,
modification (101)
and the unlike-strangeness probability just changes the sign of the interfer-
ence term.
Features: The value ζ = 0 corresponds to pure QM and ζ = 1 to total
decoherence or spontaneous factorization of the wave function, which is com-
monly known as Furry–Schro¨dinger hypothesis [1, 4]. The decoherence param-
eter ζ, introduced in this way “by hand”, is quite effective [37, 38, 39, 36];
it interpolates continuously between the two limits: QM ←→ spontaneous
factorization. It represents a measure for the amount of decoherence which
results in a loss of entanglement of the total quantum state (we come back
to this point in Section 9).
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There exists a remarkable one–to–one correspondence between the model
of decoherence (84), (85) and the phenomenological model, thus a relation
between λ←→ ζ (Refs.[42, 48]). We can see it quickly in the following way.
Calculating the asymmetry of strangeness events, as defined in Eq.(98),
with the probabilities (101) we obtain
Aζ(tl, tr) = A
QM (∆t)
(
1 − ζ(tl, tr)
)
. (102)
When we compare now the two approaches, i.e. Eq.(99) with Eq.(102), we
find the formula
ζ(tl, tr) = 1 − e−λmin {tl,tr} . (103)
Of course, when fitting the experimental data with the two models, the λ
values (100) are in agreement with the corresponding ζ values (averaged over
both experimental setups) [36, 63],
ζ¯ = 0.13+0.16−0.15 . (104)
The phenomenological model demonstrates that the K0K¯0 system is close
to QM, i.e. ζ = 0, and (at the same time) far away from total decoherence,
i.e. ζ = 1. It confirms nicely in a quantitative way the existence of entangled
massive particles over macroscopic distances (9) cm.
We consider the decoherence parameter λ to be the fundamental constant,
whereas the value of the effective decoherence parameter ζ depends on the
time when a measurement is performed. In the time evolution of the state
|ψ−〉, Eq.(90), represented by the density matrix (93), we have the relation
ζ(t) = 1 − e−λt , (105)
which after measurement of the left– and right–moving particles at tl and tr
turns into formula (103), if decoherence occurs as described in Sect. 7.4.
Our model of decoherence has a very specific time evolution (103). Mea-
suring the strangeness content of the entangled kaons at definite times we
have the possibility to distinguish experimentally, on the basis of time depen-
dent event rates, between the prediction of our model (103) and the results of
other models (which would differ from Eq.(103)). Indeed, it is of high interest
to measure in future experiments the asymmetry of the strangeness events
at various times, in order to confirm the very specific time dependence of the
decoherence effect. In fact, such a possibility is now offered in the B–meson
system; as we already mentioned entangled B0B¯0 pairs are created with high
density at the asymmetric B–factories at KEK-B and at PEP-II.
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9 Entanglement loss — decoherence
In the master equation (84) the dissipator D[ρ] describes two phenomena
occurring in an open quantum system, namely decoherence and dissipation
(see, e.g., Ref. [85]). When the system S interacts with the environment E
the initially product state evolves into entangled states of S+E in the course
of time [86, 87]. It leads to mixed states in S —which means decoherence—
and to an energy exchange between S and E —which is called dissipation.
The decoherence destroys the occurrence of long–range quantum corre-
lations by suppressing the off-diagonal elements of the density matrix in a
given basis and leads to an information transfer from the system S to the
environment E: S ⇄ E
In general, both effects are present, however, decoherence acts on a much
shorter time scale [86, 88, 89, 90] than dissipation and is the more important
effect in quantum information processes.
Our model describes decoherence and not dissipation. The increase of
decoherence of the initially totally entangled K0K¯0 system as time evolves
means on the other hand a decrease of entanglement of the system. This loss
of entanglement can be measured explicitly [48, 91].
In the field of quantum information the entanglement of a state is quan-
tified by introducing certain entanglement measures. In this connection the
entropy plays a fundamental role.
Entropy of a quantum system:
• The entropy measures the degree of uncertainty —the lack of knowledge—
of a quantum state !
In general, a quantum state can be in a pure or mixed state (see, our
discussion in Sect. 7.1). Whereas the pure state supplies us with maximal
information about the system, a mixed state does not.
Proposition: Thirring [92]
• Mixed states provide only partial information about the system; the en-
tropy measures how much of the maximal information is missing !
For mixed states the entanglement measures cannot be defined uniquely.
Common measures of entanglement are von Neumann’s entropy function S,
the entanglement of formation E and the concurrence C.
9.1 Von Neumann entropy
We are only interested in the effect of decoherence, thus we properly normalize
the state (93) in order to compensate for the decay property
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ρN (t) =
ρ(t)
Trρ(t)
. (106)
Von Neumann’s entropy for the quantum state (106) is defined by
S
(
ρN (t)
)
= − Tr{ρN(t) log2 ρN (t)}
= −1− e
−λt
2
log2
1− e−λt
2
− 1 + e
−λt
2
log2
1 + e−λt
2
, (107)
where we have chosen the logarithm to base 2, the dimension of the Hilbert
space (the qubit space), such that S varies between 0 ≤ S ≤ 1 .
Features:
i) S
(
ρN (t)
)
= 0 for t = 0 ; the entropy is zero at time t = 0 , there is
no uncertainty in the system, the quantum state is pure and maximally
entangled.
ii) S
(
ρN (t)
)
= 1 for t → ∞; the entropy increases for increasing t and ap-
proaches the value 1 at infinity. Hence the state becomes more and more
mixed.
Reduced density matrices: Let us consider quite generally a compos-
ite quantum system A (Alice) and B (Bob). Then the reduced density matrix
of subsystem A is given by tracing the density matrix of the joint state over
all states of B.
In our case the subsystems are the propagating kaons on the left l and
right r hand side thus we have as reduced density matrices
ρ lN (t) = Trr{ρN (t)} and ρ rN (t) = Trl{ρN(t)} . (108)
The uncertainty in the subsystem l before the subsystem r is measured is
given by the von Neumann entropy S(ρ lN (t)) of the corresponding reduced
density matrix ρ lN (t) (and alternatively we can replace l → r). In our case
we find
S
(
ρ lN (t)
)
= S
(
ρ rN (t)
)
= 1 ∀ t ≥ 0 . (109)
The reduced entropies are independent of λ! That means the correlation stored
in the composite system is, with increasing time, lost into the environment
—what intuitively we had expected— and not into the subsystems, i.e. the
individual kaons.
For pure quantum states von Neumann’s entropy function (107) is a good
measure for entanglement and, generally, A (Alice) and B (Bob) are most
entangled when their reduced density matrices are maximally mixed.
For mixed states, however, von Neumann’s entropy and the reduced en-
tropies are no longer a good measure for entanglement so that we have to
proceed in an other way to quantify entanglement (see Sect. 9.3).
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9.2 Separability
In the following we want to show that the initially entangled Bell singlet
state —although subjected to decoherence and thus to entanglement loss in
the course of time— remains entangled. It is convenient to work with the
“quasi–spin” description for the K0K¯0 system (see Sect. 3). The projection
operators of the mass eigenstates correspond to the spin projection operators
“up” and “down”
PS = |KS〉〈KS | = σ↑ = 1
2
(1+ σz) =
(
1 0
0 0
)
,
PL = |KL〉〈KL| = σ↓ = 1
2
(1− σz) =
(
0 0
0 1
)
, (110)
and the transition operators are the “spin–ladder” operators
PSL = |KS〉〈KL| = σ+ = 1
2
(σx + i σy) =
(
0 1
0 0
)
,
PLS = |KL〉〈KS | = σ− = 1
2
(σx − i σy) =
(
0 0
1 0
)
. (111)
Then density matrix (106), (93) is expressed by the Pauli spin matrices in
the following way
ρN (t) =
1
4
{
1− σz ⊗ σz − e−λt [σx ⊗ σx + σy ⊗ σy]
}
, (112)
which at t = 0 coincides with the well-known expression for the pure spin
singlet state ρN (t = 0) =
1
4 (1− σ ⊗ σ); see, e.g., Ref. [93].
Operator (112) can be nicely written as 4× 4 matrix
ρN (t) =
1
2


0 0 0 0
0 1 −e−λt 0
0 −e−λt 1 0
0 0 0 0

 . (113)
For an other representation of the density matrix ρN (t) we choose the
so–called “Bell basis”
ρ∓ = |ψ∓〉〈ψ∓| and ω∓ = |φ∓〉〈φ∓| , (114)
with |ψ−〉 given by Eq.(90) and |ψ+〉 by
|ψ+〉 = 1√
2
{
|e1〉+ |e2〉
}
. (115)
The states |φ∓〉 = 1√
2
(| ⇑⇑〉 ∓ | ⇓⇓〉) (in spin notation) do not contribute
here.
32 Reinhold A. Bertlmann
Entanglement — separability
Recall that in general the density matrix ρ of a state is defined over the tensor
product of Hilbert spaces H = HA ⊗HB, named Alice and Bob.
A state ρ is then called entangled if it is not separable, i.e. ρ ∈ Sc where
Sc is the complement of the set of separable states S; and S ∪ Sc = H .
Separable states: The set of separable states is defined by
S =
{
ρ =
∑
i
pi ρ
i
A ⊗ ρiB
∣∣ 0 ≤ pi ≤ 1, ∑
i
pi = 1
}
, (116)
where ρiA and ρ
i
B are density matrices over the subspaces HA and HB .
The important question is now to judge whether a quantum state is en-
tangled or conversely separable or not. Several separability criteria give an
answer to that.
Theorem 1. Positive partial transpose criterion, Peres–Horodecki [94, 95]
Defining the partial transposition TB by transposing only one of the subsys-
tems, e.g. TB(σ
i)kl = (σ
i)lk in subsystem B, then a state ρ is separable iff
its partial transposition with respect to any subsystem is positive:
(1A ⊗ TB) ρ ≥ 0 and (TA ⊗ 1B) ρ ≥ 0 ⇐⇒ ρ separable . (117)
Theorem 2. Reduction criterion, Horodecki [96]
A state ρ is separable for:
1A ⊗ ρB − ρ ≥ 0 and ρA ⊗ 1B − ρ ≥ 0 ⇐⇒ ρ separable , (118)
where ρA is Alice’s reduced density matrix and ρB Bob’s.
However, above Theorems (117), (118) are necessary and sufficient sepa-
rability conditions —and so surprisingly simple— only for dimensions 2 ⊗ 2
and 2⊗ 3 [97]. A more general separability—entanglement criterion, valid in
any dimensions, does exist; it is formulated by a so–called generalized Bell
inequality, see Ref.[93].
Now let us return to the question of entanglement and separability of
our kaon quantum state described by density matrix ρN(t) (106), (93) as it
evolves in time.
Entanglement, Bell Inequalities and Decoherence in Particle Physics 33
Proposition: Bertlmann–Durstberger–Hiesmayr [48]
• The state represented by the density matrix ρN (t) (106), (93) becomes
mixed for 0 < t < ∞ but remains entangled. Separability is achieved
asymptotically t → ∞ with the weight e−λt. Explicitly, ρN (t) is the fol-
lowing mixture of the Bell states ρ− and ρ+ :
ρN (t) =
1
2
(
1 + e−λt
)
ρ− +
1
2
(
1− e−λt) ρ+ . (119)
Proof:
i) The mixedness of the state, with t → ∞ totally mixed — separable, can
be seen from the mixed state criterion (see Sect. 7.1)
ρ 2N (t) =
1
4


0 0 0 0
0 1 + e−2λt −2e−λt 0
0 −2e−λt 1 + e−2λt 0
0 0 0 0

 6= ρN (t) for t > 0 . (120)
ii) Entanglement or lack of separability is determined by Theorems (117)
and (118). The Peres–Horodecki partial transposition criterion (117)
(1l ⊗ Tr) ρN (t) = 1
2


0 0 0 −e−λt
0 1 0 0
0 0 1 0
−e−λt 0 0 0

 6≥ 0 , (121)
with eigenvalues
{
1
2 ,
1
2 ,
1
2e
−λt,− 12e−λt
}
, is not positive. Alternatively, the
Horodecki reduction criterion (118), a matrix with same eigenvalues (121)
1l ⊗ ρ rN (t)− ρN (t) =
1
2


1 0 0 0
0 0 e−λt 0
0 e−λt 0 0
0 0 0 1

 6≥ 0 , (122)
is not positive either. Therefore ρN (t) remains entangled for t <∞. 
9.3 Entanglement of formation and concurrence
For pure states the entropy of the reduced density matrices is sufficient, for
mixed states we need another measure, e.g., entanglement of formation.
Entanglement of formation
Every density matrix ρ can be decomposed into an ensemble of pure states
ρi = |ψi〉〈ψi| with the probability pi, i.e. ρ =
∑
i piρi. The entanglement
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of formation for a pure state is given by the entropy of either of the two
subsystems. For a mixed state entanglement of formation [98] is defined as
average entanglement of pure states of the decomposition, minimized over all
decompositions of ρ
E(ρ) = min
∑
i
pi S(ρ
l
i ) . (123)
It quantifies the resources needed to create a given entangled state. Bennett
et al. [98] found a remarkable simple formula for entanglement of formation
E(ρ) ≥ E(f(ρ)) , (124)
where the function E(f(ρ)) is defined by
E(f) = H
(
1
2
+
√
f(1− f)
)
for f ≥ 1
2
, (125)
and E(f) = 0 for f < 12 . The function H represents the familiar binary
entropy function H(x) = −x log2 x − (1 − x) log2(1 − x). The quantity f(ρ)
is called the fully entangled fraction of ρ
f(ρ) = max 〈e|ρ|e〉 , (126)
which is the maximum over all completely entangled states |e〉.
For general mixed states ρ the function E(f(ρ)) is only a lower bound to
the entropy E(ρ). For pure states and mixtures of Bell states —the case of
our model— the bound is saturated, E = E , and we have formula (125) for
calculating the entanglement of formation.
Concurrence
Wootters and Hill [99, 100, 101] found that entanglement of formation for a
general mixed state ρ of two qubits can be expressed by another quantity,
the concurrence C
E(ρ) = E(C(ρ)) = H
(
1
2
+
1
2
√
1− C2
)
with 0 ≤ C ≤ 1 . (127)
Explicitly, the function E(C) looks like
E(C) = −1 +
√
1− C2
2
log2
1 +
√
1− C2
2
− 1−
√
1− C2
2
log2
1−√1− C2
2
(128)
and is monotonically increasing from 0 to 1 as C runs from 0 to 1. Thus C
itself is a kind of entanglement measure in its own right.
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Defining the spin flipped state ρ˜ of ρ by
ρ˜ = (σy ⊗ σy) ρ∗(σy ⊗ σy) , (129)
where ρ∗ is the complex conjugate and is taken in the standard basis, i.e. the
basis {| ⇑⇑〉, | ⇓⇓〉, | ⇑⇓〉, | ⇓⇑〉}, the concurrence C is given by the formula
C(ρ) = max{0, λ1 − λ2 − λ3 − λ4} . (130)
The λi’s are the square roots of the eigenvalues, in decreasing order, of the
matrix ρρ˜.
Applications to our model
For the density matrix ρN (t) (106) of our model, which is invariant under
spin flip, i.e. ρ˜N = ρN and thus ρN ρ˜N = ρ
2
N , we obtain for the concurrence
C
(
ρN (t)
)
= max
{
0, e−λt
}
= e−λt , (131)
and for the fully entangled fraction of ρN (t)
f
(
ρN (t)
)
=
1
2
(
1 + e−λt
)
, (132)
which is simply the largest eigenvalue of ρN (t). Clearly, in our case the func-
tions C and f are related by
C
(
ρN (t)
)
= 2 f
(
ρN (t)
)− 1 . (133)
Finally, we have for the entanglement of formation of the K0K¯0 system
E
(
ρN (t)
)
= −1 +
√
1− e−2λt
2
log2
1 +
√
1− e−2λt
2
−1−
√
1− e−2λt
2
log2
1−
√
1− e−2λt
2
. (134)
Using now our relation (105) between the decoherence parameters λ and ζ
we find a striking connection between the entanglement measure, defined by
the entropy of the state, and the decoherence of the quantum system, which
describes the amount of factorization into product states (Furry–Schro¨dinger
hypothesis [1, 4]).
Loss of entanglement: Defining the loss of entanglement as the gap
between an entanglement value and its maximum unity, we find
1− C(ρN (t)) = ζ(t) , (135)
1− E(ρN (t)) .= 1
ln 2
ζ(t)
.
=
λ
ln 2
t , (136)
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where in Eq.(136) we have expanded expression (134) for small values of the
parameters λ or ζ.
We get the following proposition.
Proposition: Bertlmann–Durstberger–Hiesmayr [48]
• The entanglement loss equals the decoherence !
Therefore we are able to determine experimentally the degree of entangle-
ment of the K0K¯0 system, namely by considering the asymmetry (99) and
fitting the parameter ζ or λ to the data.
Results
In Fig.3 we have plotted the loss of entanglement 1− E, given by Eq.(134),
as compared to the loss of information, the von Neumann entropy function
S, Eq.(107), in dependence of the time t/τs of the propagating K
0K¯0 sys-
tem. The loss of entanglement of formation increases slower with time and
visualizes the resources needed to create a given entangled state. At t = 0
the pure Bell state ρ− is created and becomes mixed for t > 0 by the other
Bell state ρ+. In the total state the amount of entanglement decreases until
separability is achieved (exponentially fast) for t→∞.
In case of the CPLEAR experiment, where one kaon propagates about
2 cm, corresponding to a propagation time t0/τs ≈ 0.55, until it is measured
by an absorber, the entanglement loss is about 18% for the mean value and
maximal 38% for the upper bound of the decoherence parameter λ.
10 Outlook
Entanglement is the basic ingredient for quantum communication and com-
putation, its effects will become important for future technologies. The fast
developments in quantum information stimulated research in particle physics,
which may have effects we cannot foresee now. We are sure that in future
there will be a fruitful exchange between particle physics and quantum optics.
There are close analogies but also significant differences between entangled
meson–antimeson systems and entangled photon or spin– 12 systems. It turns
out that quantum mechanical tests of meson–antimeson systems are more
subtle than those of photon systems and one has to take into account the
features of the mesons, which are characteristic for such massive quantum
systems. It is the decay property or a symmetry violation property, like CP
violation, or the regeneration property of the quantum state.
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Fig. 3. The time dependence of the von Neumann entropy (dashed lines), Eq.(107),
and the loss of entanglement of formation 1−E (solid lines), given by Eq.(134), are
plotted for the experimental mean value λ¯ = 1.84 ·10−12 MeV (lower curve) and the
upper bound λ¯up = 4.34 · 10
−12 MeV (upper curve), Eq.(100), of the decoherence
parameter λ. The time t is scaled versus the lifetime τs of the short–lived kaon KS:
t → t/τs. The vertical lines represent the propagation time t0/τs ≈ 0.55 of one
kaon, including the experimental error bars, until it is measured by the absorber in
the CPLEAR experiment.
Bell inequalities
Generally, Bell inequalities for meson–antimeson systems contain both the
freedom of choice in time and in quasi–spin (see Sect. 6.2). As we concluded
in Sect. 6.3 the time variation type of BI, however, cannot be used to exclude
LRT for the familiar meson–antimeson systems due to the (unfortunate) in-
terplay between flavor oscillation (e.g., strangeness, beauty, charm, . . . ) and
decay time [47, 56, 62, 63].
In this connection we would like to mention that the work of Ref.[102],
analyzing entangled B0B¯0 meson pairs produced at the KEKB asymmetric
e+e− collider and collected at the BELLE detector, is hardly relevant for
the test of QM versus LRT. The reasons are twofold: Firstly, “active” mea-
surements are missing, therefore one can construct a local realistic model;
secondly, the unitary time evolution of the unstable quantum state —the de-
cay property of the meson— is ignored, which is part of its nature (for more
detailed criticism, see Ref.[103]). Nevertheless, the work [102] represents a
notable test of QM correlations exhibited by B0B¯0 entangled pairs and fur-
ther investigations along these lines are recommended.
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Considering, on the other hand, a BI at fixed time but for quasi–spin
variation, a Wigner–like BI for the several types of the K–meson (see Sect.
6.4), provides an inequality for a symmetry violation parameter, the physical
CP violation parameter (charge conjugation and parity) in our case [65, 67].
Experimentally it is tested by studying the leptonic charge asymmetry δ of
the KL type. It is remarkable that the premises of LRT are only compatible
with strict CP conservation, i.e. with δ = 0. In this way, δ 6= 0 is a manifesta-
tion of the entanglement of the considered state. We have found the following
proposition.
Proposition: Bertlmann–Grimus–Hiesmayr [67]
• CP violation in K0K¯0 mixing leads to violation of a BI !
We do believe that this connection between symmetry violation and BI
violation is part of a more general quantum feature, therefore studies of other
particle symmetries in this connection would be of high interest.
Bramon et al. [30, 31, 32] have established novel BI’s for entangled K0K¯0
pairs by using the well–known regeneration mechanism of the kaons (see
Sect. 2.4). After producing kaon pairs at the Φ resonance a thin regenera-
tor (with kaon crossing time tcross ≪ τS) is placed into one kaon beam near
the Φ decay point. Then the entangled state contains a term proportional to
r |KL〉l ⊗ |KL〉r, where r denotes the regeneration parameter, a well–defined
quantity being proportional to the difference of the K0N and K¯0N am-
plitudes. Allowing the entangled state to propagate up to a time T , with
τS ≪ T ≪ τL, in each beam of the two sides either the lifetime/decay states
KS versus KL or the strangeness states K
0 versus K¯0 are measured. Con-
sidering Clauser–Horne–type inequalities [104] a set of inequalities for the
parameter R = −r exp [−i∆m+ 12 (ΓS − ΓL)]T can be derived. One of the
inequalities is —under certain conditions (for the regeneration, etc...)— vio-
lated by QM. It provides an interesting experimental test at Φ–factories or
pp¯ machines in the future.
Decoherence
We have developed a general but quite simple and practicable procedure
to estimate quantitatively the degree of possible decoherence of a quantum
state due to some interaction of the state with its “environment” (see Sect.
7). This is of special interest in case of entangled states where a single param-
eter, the decoherence parameter λ or ζ [42, 48, 36], quantifies the strength
of decoherence between the two subsystems or the amount of spontaneous
factorization of the wavefunction. The asymmetry of like– and unlike–flavor
events is directly sensitive to λ or ζ.
Entanglement, Bell Inequalities and Decoherence in Particle Physics 39
On the other hand, we have found a bridge to common entanglement
measures, such as entanglement of formation and concurrence (see Sect. 9),
and could derive the Proposition that the entanglement loss equals the de-
coherence ! In this way we also measure the amount of entanglement of the
state.
Using experimental data of the CPLEAR experiment provides us with
upper bounds to the decoherence and the entanglement loss of the K0K¯0
state produced in pp¯ collisions, which is of macroscopic extent (9 cm).
As up to now only two data points are available, further experimental
data are certainly highly desirable and would sharpen the bounds consider-
ably. Such data could be collected at the Φ–factory DAΦNE in Frascati. In
this connection, a recent analysis of entangled KSKL systems by the KLOE
collaboration [105] sets new bounds on the decoherence parameter ζ.
Indeed, it would be of great interest to measure in future experiments
the asymmetry of like– and unlike–flavor events for several different times,
in order to confirm the time dependence of the decoherence effect. In fact,
such a possibility is now offered in the B-meson system. As already men-
tioned (Sect. 7.4) entangled B0B¯0 pairs are created with high density at the
asymmetric B-factories and identified by the detectors BELLE at KEK-B
[81, 82] and BABAR at PEP-II [83, 84] with a high resolution at different
distances or times. On the basis of the time dependent event rates we could
test experimentally the predictions of our decoherence model.
Of course, these decoherence investigations could be performed with other
entangled systems, like photonic systems, as well.
Complementarity
Meson systems in particle physics are also an interesting testing ground for
basic principles of QM such as quantitative wave–particle duality [106, 107]
or quantum marking and quantum erasure [108, 109].
Bohr’s complementarity principle (or duality principle) can be formulated
in a quantitative way [110, 111] by defining on one hand the fringe visibility
—the sharpness of the interference pattern, the wave–like property— and
on the other the path predictability, e.g., in a two–path interferometer [112].
This “which–way” knowledge on the path taken by the interfering system
expresses the particle–like property of the system.
Considering now a produced K0 beam, it oscillates between K0 and K¯0
but it also represents a superposition ofKS andKL which decay at totally dif-
ferent rates (recall Sect. 2). Then the strangeness oscillations can be viewed as
fringe visibility and the KS andKL states with their different decay distances
as the analogues of the two paths in the interferometer. The comparison of
present data with the calculations of this kind of kaon interferometry satisfies
nicely the statement of quantitative duality [106, 107]. Further experiments,
e.g., at the Φ–factory DAΦNE are of interest in this connection.
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Geometric phase — entanglement
An interesting question is: how can we influence the entanglement of a spin– 12
system by creating a geometric phase? Geometric phases such as the Berry
phase [113] play a considerable role in physics and arise in a quantum system
when its time evolution is cyclic and adiabatic. There is increasing interest
in combining both the geometric phase and the entanglement of a system
[114, 115, 116, 117, 118].
In Ref.[118] we have studied the influence of the Berry phase on the
entanglement of a spin– 12 system by generating the Berry phase with an
adiabatically rotating magnetic field in one of the paths of the particles,
and we have eliminated the dynamical phase —being sensitive just to the
geometric phase— by a “spin–echo” method. We have considered a pure
entangled system where a phase —like our geometrical one— does not change
the amount of entanglement and therefore not the extent of nonlocality of
the system, which is determined by the maximal violation of a BI. In our
case the Berry phase just affects the Bell angles in a specific way. On the
other hand, keeping the measurement planes fixed the polar Bell angles vary
and the maximum of the S-function of the CHSH inequality (recall Sect. 5)
varies with respect to the Berry phase.
We have applied the investigation to neutron interferometry where one
can achieve entanglement between different degrees of freedom —an internal
and external one— the spin and the path of the neutron. In this case it is
physically rather contextuality than nonlocality which is tested experimen-
tally [118, 112, 119, 120].
There are still open problems in how does entanglement behave —the sev-
eral entanglement measures— if geometric phases are introduced into mixed
quantum states. How do they change entanglement? What happens to the
Berry phase of the system if in addition we allow for interaction of the quan-
tum system with an environment, thus allowing for decoherence? How can it
be experimentally realized? Work along these lines is of increasing interest
[121, 122, 123, 124, 125].
Generalized Bell inequality — entanglement witness
In quantum communication, the two remote parties, Alice and Bob, want to
carry out a certain task with minimal communication. Comparing now the
amount of communication necessary by using classical or quantum bits, it
turns out that sharing entangled quantum states —instead of classical or sep-
arable ones— leads to savings in the communication. That makes entangled
states so important in quantum communication technology.
But how do we witness an entangled state? Via the familiar Bell inequal-
ities described before (Sect. 5)? Yes, if the states are pure entangled states
but no if they are mixed entangled. Werner [126] found out that a certain
mixture of entangled and separable states, so–calledWerner states, do satisfy
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the familiar BI. Thus the importance of the BI is that they serve as criterion
for nonlocality —as departures from LRT— and they are valuable when con-
sidering phenomena like quantum teleportation or quantum cryptography.
But as a criterion for separability they are rather poor.
There exist, however, some operators, so–called entanglement witnesses,
satisfying an inequality, a generalized Bell inequality (GBI), for all separable
states and violating this inequality for an entangled state [93, 127, 128, 129].
In Ref.[93] we have studied the class of entanglement witnesses; consid-
ering density matrices (states) and operators (entanglement witnesses) as
elements of a Hilbert space it turns out that entanglement witnesses are tan-
gent functionals to the set of separable states. Considering the Euclidean
distance of the vectors in Hilbert space for entangled and separable states we
have found the following Theorem.
Theorem: Bertlmann–Narnhofer–Thirring [93]
• The Euclidean distance of an entangled state to the separable states is
equal to the maximal violation of the GBI with the tangent functional as
entanglement witness !
Viewing the Euclidean distance as entanglement measure we have found
a nice geometric picture for entanglement (and its value), for GBI (and its
maximal violation) and for the tangent functional which characterizes (as a
tangent) the set of separable states. All three conceptions are only different
aspects of the same geometric picture. It is especially illustrative for the
example of two spins, Alice and Bob. In this connection investigations for
multi–particle entangled states, e.g., GHZ–states [130, 131], are certainly of
high interest.
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